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Abstract. For the 3D focusing cubic nonlinear Schrodinger equation, Scat- 
tering of solutions inside the (scale invariant) potential well was estab- 
lished by Holmer and Roudenko |13J (radial case) and Duyckaorts, Holmer 
and Roudenko ^6 (general case). In this paper, we extend this result to arbi- 
trary space dimensions and focusing, mass-supercritical and energy-subcritical 
power nonlinearities, by adapting the method of |6]. 



1. Introduction 

In this paper, we study the Cauchy problem for the focusing, mass supercritical 
and energy subcritical nonlinear Schrodinger equation in R^, > 1 

I iut + Au+ \u\"u = 0, ^^^g^ 



■ti(O) = (p, 



where 




(1.1) 



As is well-known, the Cauchy problem (jNLSp is locally well-posed in iJ^(M^). 
(See e.g. [51 HI]-) More precisely, given (p G i/^(M^), there exists T > and a 
unique solution u S C{[0,T], H^{R^)) of pLS|) . This solution can be extended to 
a maximal existence interval [0,Tniax), and either Tmax = oo (global solution) or 
else Tmax < oo and ||u(i)||/fi — oo as 1 1 Tmax (finite time blowup). Moreover, the 
mass M{u{t)), energy Eiuit)) and momentum P{u{t)) are independent of t, where 



M{w) = / \wix)\'^dx, (1.2) 

E{w)^l [ \Vw{x)\^dx ^/ \w{x)\''+^dx, (1.3) 

2 Jrjv a -I- 2 Jgw 

P(w)=Im / w{x)\/w{x)dx, (1.4) 

for all w £ H^{R^). Throughout this paper, we will only consider solutions in the 
above sense {H^ solutions). 
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In the defocusing case, i.e. when the nonhnearity in (|NLSP is replaced 

by —\u\P~^u, it is weU-known [101 EO] that ah solutions scatter as i — > oo, i.e. there 
exists a scattering state 7i+ e such that 



(t)-e**^u+||Hi ^0. (1.5) 



\\u 

In the focusing case, the situation is much richer; solutions with small initial values 
scatter [22, Theorem 17], but some solutions blow up in finite time [11 , and some 
solutions are global and do not scatter. A typical example of solutions of the latter 
type are standing waves, i.e. solutions of the form u{t,x) = e'^'^^tf{x). When a; > 
such solutions exist [3Tj and correspond to 'p{x) = uj~4'i^^x) where tp G -ff^(M^) 
is a nontrivial solution of the elliptic problem 

-Aw + w = \w\"w. (1.6) 

Standing waves of particular interest are given by the ground states, i.e. the solu- 
tions of (|1.6p which minimize the energy ()1.3p among all nontrivial solutions 
of p.6p . Ground states exist and are all of the form e*^Q(- — y) where G M., 
y G and Q is the unique, positive and radially decreasing solution of (|1.6I) . 
Moreover, E{Q) > 0. (See [3 [HI [IS].) 

No necessary and sufficient condition on the initial value ip is known for the 
solution u of (jNLSp to be global or blow up in finite time. Holmer and Roudenko [12l 
Theorem 2.1] have obtained the following sufficient condition. Let 

and set 

lC = {ue H^{R^); E{u)M{uY < E{Q)M{QY 

and WVuWlAMI. < |lVg|U2||Q||-4, (1.8) 

where Q is the ground state defined above. It follows that /C is invariant by the flow 
of (jNLS|) and that every initial value (/? G /C produces a global solution of (jNLS[) 
which is bounded in 7?^(]R^) as t ^> oo. This condition is optimal in the sense 
that iiE{ip)M{ipY < E{Q)M{QY and || V</j|U2 > || VQ||i2 ||Q||-„ then the 
resulting solution of (jNLSp blows up in finite time provided | • Iv' G L^(]R^). (This 
observation applies for example to (^(•) — \^Q{\-) with A > 1.) Note that K. is the 
scale- invariant version of the potential well constructed in 2 , with respect to the 
natural scaling of the equation 

ux^ xiu{X^t,Xx). (1.9) 

Since K. contains a neighborhood of 0, and solutions with small initial values scatter, 
it is natural to ask whether or not solutions with initial values in /C also scatter. A 
positive answer to a similar question in the energy-critical case a = -j^^ has been 
given by Kenig and Merle [16] for radial solutions and iV = 3, 4, 5. (That result was 
extended by Killip and Visan [TB] to general solutions for N > 5.) For the cubic 
3D equation (TV = a -I- 1 = 3), a positive answer is given in [13] (radial case) then 
in [6] (general case). In this paper, we extend the result of [6] to arbitrary > 1 
and a satisfying (jl.ip . Our main result is the following. 

Theorem 1.1. Let N > I, assume ()1.1|) and let IC be defined by (jl.Sp . Given any 
(fi G IC, it follows that the corresponding solution u of (jNLS|) is global and scatters, 
i.e. there exists a scattering state u+ G iJ^(R^) such that (|1.5|) holds. 
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The conclusion of Theorem 1 1.1 1 is that for all initial value in /C, the corresponding 
solution of (|NLS|) is global and scatters as i — ?> oo. We note that for every (p € IC, 
the solution is also global for negative times and scatters as t ^ — oo. This follows 
from the fact that /C is invariant by complex conjugation and that if u(t) is a 
solution of (jNLS[) for t > 0, then u{—t) is a solution for i < (with the initial value 
ip). 

The rest of the paper is organized as follows. In Section [21 we give the sketch 
of the proof of Theorem 11.11 assuming all the technical results. In Section [3] we 
recall some energy inequalities related to the set IC and in Section 2] we recall 
some results on the Cauchy problem (INLSp . Section [5] is devoted to a profile 
decomposition theorem and Section [S] to the construction of a particular "critical" 
solution. Finally, we prove in Section[7]a rigidity theorem. The appendix (Section[S]) 
contains a Gronwall-type lemma, which we use in Section 21 

Notation: Throughout this paper, we use the following notation. We denote 
by p' the conjugate of the exponent p £ [1, oo] defined by ^ + ^ = 1- We will use the 
(complex valued) Lebesgue space L^'(R^) (with norm || • \\lp) and Sobolev spaces 
H'^{M.^), i/*(R^) (with respective norms || • \\h= and || • H^a). Given any interval 
/ C M, the norm of the mixed space L"(/, L''(R^)) is denoted by || • \\L<^(i,Lb)- We 
denote by (e'*^)tgH the Schrodinger group, which is isometric on H" and TJ" for 
every s > 0. We will use freely the well-known properties of (e**^)tgR. (See e.g. 
Chapter 2 of H] for an account of these properties.) We define the following set of 
indices, depending only on N and a, 

^ 2a{a + 2) ^ 2a(a + 2) _ 2(A^ + 2) 

4-(7V-2)a' ^ Na^ + {N ~2)a- 4' ^ TV ' 
4(a + 2) 2 / r iV- 



2, s=---e(0,mm{l,-}), 



and we note for further use that {a + l)r' = r, and (a + 1)6' = a. 

2. Sketch of the proof of Theorem II. II 

In this short section, we give the proof of Theorem ll.il assuming all preliminary 
results. Our proof is adapted from the proof of [6 concerning the cubic 3D equa- 
tion, but follows more closely the proof of [16j of the energy-critical case. Note, 
however, that the argument in the present situation is considerably simpler than 
the argument in '16| for at least two reasons. The equation (|NL5|) is energy subcrit- 
ical; and we consider solutions not only with finite energy, but also with finite mass. 
This restriction is essential so that the set /C makes sense. The main ingredients are 
a profile decomposition (Theorem 15. ip and a Liouville-type (Theorem 17. ip result, 
and the construction of a "critical" solution (Proposition 16. ip . These results, as 
well as all other technical results, are stated and proved in the following sections. 

We define 

L^i^^K; u e L"((0,oo),i'^(M^))}, (2.1) 

where u is the solution of (|NLSp with initial value ^p. It is well-known (see Propo- 
sition 14. 2p that if G £, then u scatters. Therefore, we need only show that 
K = L. 

Given < w < 1, we set 

/C^ = {m e /C; E{u)M{uY < ujE{Q)M{QY}. (2.2) 
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In particular, /C = Uo<^<i/Cc^. Since by || Vv?||l2 ||(p|| < w3 || VQ||z,2 ||g||22 

for all If £ K-uj, we deduce from the elementary interpolation inequality Hf^sH^'^ < 
||Vv5|U2||<^||-, that M^+J" < w5||VQ||i2||Q||-, for all ^ € IC^. Applying Propo- 
sition HUl we conclude that IC^j C C for all sufficiently small lu > 0. Therefore, we 
may define the number 

Lun = sup{w e (0, 1); IC^c£}e (0, 1], (2.3) 

and we need only show that loq = 1- 

We argue by contradiction and assume < wq < 1. The first crucial step of 
the proof (Proposition 16. iT) . which is based on the profile decomposition theorem, 
shows that there exists an initial value ipcrit G /Ct^o which is not in C Moreover, the 
corresponding solution Merit of (jNLSp has the following compactness property: there 
exists a function x € C([0,oo),M^) such that Ut>o{ucrit(i, • — x{t))} is relatively 
compact in H^{R^). It follows (see Lemma 1175)) that 

sup / {|Vucrit(^, a:) I + | ^crit ^crit 

t>0 J{\x+x{t)\>B} -K^oo 

The second crucial step (Theorem 17. ip shows that necessarily (pcrit — 0. Since 
fcTit ^ 'C, we obtain a contradiction. Thus ujq — 1 and the proof is complete. 

3. Energy inequalities 

In this section, we collect certain energy inequalities that are related to the set 
JC. We recall that the best constant in the Gagliardo-Nirenberg inequality 

11/112^^2 <CGN||/||f7^||V/||3^, (3.1) 

is given by 

ll/OI, 

where Q is the ground state of (II. 6p . (See Corollary 2.1 in [M].) We also recall 
that by Pohozaev's identity. 



^ IIQIl£°+'' ro o\ 

^GN - 4-(]v-2)c i'^-^j 



«.^i^^l|VQ,|i2.i^^ 



(3.3) 



Na-4: 

(see e.g. Corollary 8.1.3 in [4]) and we note that by p.2p and p.3p 

Cgn = ^^^^[||VQ|U2||Q||-.]-^. (3.4) 
Lemma 3.1. If u e H\R'^) and || Vu||i,2 ||u|| ^2 < || VQ||l2 ||Q|| J^, then 

E{u) > ^^-i||V^.||i2, (3.5) 

W^AMl^ < (^l7^^M^)'\\^Q\\L4Q\\h, (3.6) 



\E{Q)M{Qy 



8\\Vu\\l. - ^11^112+^2 > 8 1 - ( — , ) ^ ||V<.. (3.7) 



a - 



/ E{u)M{u) 



\E{Q)M{QY 



In particular, the above estimates hold for all u E IC, where JC is defined by (jl.Sp . 
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Proof. It follows from Gagliardo-Nirenberg's inequality ()3.ip that 

Eiu)Miur = ^[iiv^iu.ii«iil^]' - ^Mttu\u\\r. 

>/(||Vu|U.||«||-.), 

where 

(3.9) 

2 a + 2 



for X > 0. Since equality holds in p. II) for f = Q, we also have 

E{Q)M{Qr = /(llVgiU^IIQII-,). (3.10) 
Note that / is increasing on (0, xi) and decreasing on (xi, oo), where 

xi = (^^)""^ = l|VQ|U.|IQIIZ^. (3.11) 
(We used p.4p in the last identity.) An elementary calculation shows that 

for < X < xi, with equality for x = xi, i.e. 

/(IIVQIUHIQIIZO = ^^p^dlVQIUHIQIIZO'. (3.13) 



Therefore, we see that follows from ([3ll|) . ([S^S]) and (f3TT2|) and that ([M 

follows from (IXT^ . (jXTUl) and (IXT^ . Set now 

i?(^.) = 8||V^.||i.-i^||«||2S.. 

If a; = ||VM||i2||u||j2, it follows from (IXT|) and (IXTTj) that 

iM(^.)'^i?(u) >x'- .J^CoNx'^ 
8 2(q; + 2) 

= x — a;;^ ^ X 2 = a; [1 — (x/xi) 2 J. 

Applying p.6p . we deduce that 



Im{u)"'R{u) > x^ 



( E{u)M{u) 



\E{Q)M{QY 

from which (13.71) follows. □ 



Remark 3.2. Let < w < 1 and let K.^ be defined by (E^. It follows from dSS]) 
that ICi^ is a closed subset of _ff^(R^). 

4. The Cauchy problem 

We collect in this section some results concerning the Cauchy problem (jNLSp . 
We will use in particular the Strichartz estimates 

lle^-^^llL.(R.L^) + l|e^-^^||L.(E,L.) < CII^IU^, (4.1) 

l|e'-^</^|U.(K,L.) <C||^||^3. (4.2) 
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()4.ip is a standard Strichartz estimate. (See [23l [25].) (|4.2p follows by applying 
(—A)' to the standard Strichartz estimate and using Sobolev's inequality. We need 
the following Strichartz- type estimate for non admissible pairs (see [5J Lemma 2.1]) 

Next, using Gagliardo-Nirenberg's inequality < C|| Vujj^a llujl^^'' (for an 

appropriate value of 77 S (0, 1)) and Sobolev's embedding H^{M.^) C L'^{R^), it is 
not difficult to show that 

I|w||l"((0,oo),L-) < C|kllL"((0,oo).ffi)ll"ll£-r((0,oc),L-r)' (4-4) 

for all u e LT((0,oo),L"'(M^)) nL°°((0,cx)),iJi(M^)). 

It follows from [T^l Theorem 2.1] that for every initial value (p G K, (defined 
by (|1.8p ). the corresponding solution u of (|NLS[) is global, for both positive and 
negative time. Thus we may define the flow (<S(t))tgR by 

Sit)ip^u{t), (4.5) 

for ip G K, and t G R, where u is the solution of (jNLSp . The map (i, <p) H> S{t)(p 
is continuous K x /C — ;> iJ^(R^), where K, is equipped with the topology. Note 
that 



S{-t)ip = Sit)Tp, (4.6) 

for alH e M and ip e JC. It is proved in [12, Theorem 2.1] that 5(i)/C C /C, for all 
t G R, from which it follows by conservation of energy that 

S{t)IC^ C /C„, (4.7) 

for alH e K and cj e (0, 1), where /C^j is defined by (|2.2p . 



Remark 4.1. Let < a; < 1 and F C ICuj be a relatively compact subset of 
i/i(M^). It follows that for every i?,T > 0, 

E = {S{t)ip{- -y);^eF,0<t<T,\y\<R}, 

is a relatively compact subset of iJ^(M^). Indeed, suppose {'Pn)n>i C F, (i„)„>i C 
[0,r] and (j/„),i>i C {\y\ < R}. By possibly extracting (and applying Remark [3?2|) . 
there exist (p G IC^, t e [0,T] and y e such that ipn -> in i7^(IR^), tn ^ t 
and j/„ — >■ ?/ as n ^ oo. It follows that S{tn)(pn{- — yn) S{t)ip{- — y) in H^{R.^), 
which proves the claim. 

The next result is a sufficient condition for scattering. 

Proposition 4.2. Let ip e H^{m.^) and u be the corresponding solution of (|NLSp . 
If u is global and u G L°((0, cx)), L''(R^)), then u scatters, i.e. there exists a 
scattering state G H^{M.^) such that (|1.5p holds. 

Proof. It follows from Proposition 2.3 in [5j that u G i''((0, oo), L^^{W^)) for every 
admissible pair {r],^J,). Scattering then follows by standard calculations. (See e.g. 
Section 7.8 in g].) □ 

We next recall a small data global existence property. 



SCATTERING FOR THE FOCUSING ENERGY-SUBCRITICAL NLS 



7 



Proposition 4.3. There exist < (5sd < 1 and C such that if (fi E i7^(M^) and 
W'pWh" — '^sd, then the corresponding solution u of (jNLSP is global for both positive 
and negative time and 

II'"IIl-v(r"+i) + I|u||l"(k,l-) + \\u\\l-^(^m^) < C'sdllvllffi- (4-8) 

Proof. It follows from Propositions 2.4 and 2.3 in [5] that if (/s G iJ^(M^) and 
||e''^</'||L°(B.L^) is sufficiently small, then the conclusions of the proposition hold. 
The result then follows from Strichartz estimate ()4.2p . □ 

Corollary 4.4. Let (pi,(p2 G H^{R^) satisfy ||(^i||^i, ||(/72||hi < Ssd where Ssd is 
given by Proposition \^.3\ and let ui,U2 be the corresponding solutions of jNLSj. // 
{tn)n>i, {tn)n>i C R and {x\)n>i, (a;^)„>i C satisfy \t\-tl\ + \x\ ~ xl\ ^ oo 
as n ^ oo, then 

sup\iui{t-tl--xl),U2it-tl,--xl))H^\ 0, (4.9) 

tm n^oo 

where (•, ■)h^ is the scalar product in H^{M.^). 

Before proving Corollary 14.41 we state the following lemma, which we will also 
use later on. Its elementary proof is left to the reader. 

Lemma 4.5. Let z^>l,l<(7<oo and let E be a relatively compact subset of 
LP(M''). Lt follows that 

sup / — > 0. (4.10) 

ueEj{\x\>R} 

Consequently, if (y,\)„>i, {yn)n>i C M'^ and — y.^j — oo as n ^ oo, then 

sup / \u{--yl)\i\v{--yl)\i 0. (4.11) 

Proof of Corollary \4.4\ We note that by Propositions l4.3l and l4.2l and formula (j4.6p . 

and scatter at ±oo. Suppose by contradiction there exist e > and a sequence 
{tn)n>i C M such that |(wi(t„ - • - a;,\), ■!i2(i« - tl,- - xI))hi \ > e. Without 
loss of generality, we may replace by i„ — t:^ for j ~ 1,2, so we obtain 

\{ui{tl, - - xi + xl),U2{tl,-))HA> e- (4-12) 

By possibly extracting, we may assume that one of the following holds: + is 
bounded, or \tW oo and |t^J -> oo, or \tW oo and is bounded. In the first 
case, ui{t\) and U2{t]^) belong to a relatively compact subset of H^iM.^) and we 
obtain a contradiction by applying Lemma l4?5l since — — >■ oo. Suppose now 
t\ — oo and — t- ±oo. Since ui and U2 scatter we may approximate Uj{P^J by 
e**"^'0^ , j = 1, 2, where is the scattering state of , and we deduce from (|4.12p 
that for n large. 

Since — t^] + |a;^ — — J> oo, we see that e'('"~*")^VH' ~ + ^n) ~^ 0' ^-^d 
obtain again a contradiction. Finally, is bounded and, say, — >■ oo a similar 
argument yields a contradiction. □ 

We now construct the wave operator at — oo on a certain subset of i/^(M^). 
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Proposition 4.6. Lei < w < 1 and Ku, he defined by ([22]). If tp e H^R'^) 
satisfies 

i||V^||i.M(^)- < LoE{Q)M{Qr, (4.13) 
then there exists ip G /C^; such that 

t—¥oo 

Proof. Given any ip e H^{R^), is well-known [351 Theorem 17] that there exist 
T e M and a sulution u e C((-oo, T], iLi(R^)) of ((NLS|) such that 

h(-0-e-"^V^||Hi -^0. (4.14) 



t—>-co 



It follows from (|4J4l) . (j4l3l) . and ([331) that 



lim ||Vu(-<)||i.||u(-t)|lil = llVV'lli.ll^llil < 2c.£;(Q)M(Q)'^ 

t— >-CX) 



-^^^^llvQlli.ligili?. 

Therefore, if t is sufhciently large, then 

\\Vu{~t)\\M-t)\\'[. < ||VQ|U.||Q||-.. (4.15) 

It also follows from (l4T4ll that \\u{-t) - e-'*^^\\L- 0. Since \\e-'*^^\\Lr- 
(see e.g. Corollary 2.3.7 in [4]), we see that ||u(— — > 0, so that 

1 

Nota also that M{u{-t)) \\^\\\2: so that 

E{u{-t))M{u{-t)Y \W\\h\HfL^ < ujE{Q)M{Qr, (4.16) 

where we used (|4.13p in the last inequality. (j4.15l) , (14.16^ and conservation of mass 
and energy imply that u{—t) G K,^ for all t < T . In particular, the solution u is 
global and, since /C„ is invariant by the flow S{t) (see (|4.7p ). u{t) G Ku, for all 
t G M. The result follows by setting ~ u(0). □ 

Finally, we prove a perturbation result. It is analogous to Theorem 2.14 in |16j 
(for the energy-critical equation) and Proposition 2.3 in [13 (for the 3D cubic 
equation) . The proofs of the above results would apply with obvious modifications, 
but we use a slightly more direct argument, based on a Gronwall-type inequality 
(Lemma 18. 1[) . 

Proposition 4.7. Given any A > Q, there exist £{A) > and C{A) > with 
the following property. If u € C([0, oo), -ff^(R^)) is a solution of (jNLSp . if u ^ 
C([0,oo),77i(M^)) anrfeGLj„,([0,oo),i7-i(M^)) satisfy 

iut + Au + \u\^~^v, — e, 

for a. a. t > 0, and if 

PI|l»([0,oo),L-) < A, ||e|li5'([o,oo),L-') < < 



e 



(u(0) ~ urn ||l<.([o,oo),l-) < £ < eiA), 



(4.17) 



then u G i°'((0, oq),L'^{R )) and \\u — m||l<i([o.oo).l^) ^ Ce. 
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Proof. We let w = u — u, so that 

iwt + Aw+\u + w\"{u + 11)) ~ + e = 0. (4.18) 

Since 

\u + w\''{u + w) -\u\''u <C(|u|" + |wr)|w| =C(|u|"|u;| + |w|"+i), (4.19) 

we deduce from the equation (|4.18p . Strichartz-type estimate estimate (|4.3p and 
the assumption ()4.17p that there exists M > such that 

lkllL<^((o,t),L^) < e + M|| \unw\ + \wr+'\\L»'(io,t).L^')+Me, (4.20) 

for every t > 0. Since || \u\°'\w\ ||^.' < \\u{t)\\l^\\w{t)\\Lr- , we deduce from (fTIU^ 
that 

||vllL"(o,t) < (M + l)e + MMlt^o.t) + M\\f^\\L>''io,t), (4-21) 
where we have set 

^{t) = \\w{t)\\L^, fit) = wmwi^- 

Let 

e{A) < 2"5^[(2A.f + 1)$(A")]~'^, (4.22) 
where <f> is given by Lemma |8. II Observe that 

ll/ll^<.±M^(„^^^ = II/IIlS(o,oo) - ll-ll^((o,oo),L^) < (4.23) 

Given any < T < oo such that lly'll^^^g < e < £(^), we deduce from (|4.2ip . 
(|4:23| and LemmaOthat ||<^||l<.(o,t) <'(2Af + l)e$(A"). Applying (j422]), we 
see that Mllt^f) j,^ < e°'+'^e{A)~°' /2 < e/2. It easily follows that we may let 
T oo, so that ||<y3||L»(o.oo) < (2M + l)$(A")e. This is the desired estimate with 
C(A) (2A./ + 1)$(A"). □ 



5. Profile decomposition 

The following profile decomposition property is an essential ingredient in the 
proof of Theorem 11.11 A quite similar property is established in [17] , and applied 
in [16] to the study of the energy critical NLS. (An analogous result for the wave 
equation is proved in [I].) A result similar to Theorem 15. II is proved in [6], adapted 
to the 3D cubic NLS. 

Theorem 5.1. Let (0„)n>i be a bounded sequence of H^{M.^). There is a sub- 
sequence, which we still denote by (0n)n>i, and sequences ('0"')i>i H^{M.^), 
{W^)n,3>i C H^R^), {ti)n,j>i C [0, w), (?),>i C [0,oo) U {oo} and «)„j>i C 
such that for every £ > I 

0„ = 5] e-<V(- -<) + <, (5.1) 
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ti -> (5.2) 



UnWl. - E W^'Wh^ - -^0, VO < A < 1, (5.3) 
j=l 

i?(0„)-^i?(e-<V(--<))-i?(W^i) ^ 0. (5.4) 

j=i 

Furthermore, there exists J G N U {oo} smc/i that =i for all j < J and ijj^ = 
for all j > J, and 

lim \tl-ti\ + \xl-xi\ = (xj, (5.5) 

n— ^oo 

/or all £ > 1 and 1 < i ^ j < J. In addition, 

limsup ||e-^T4^^|U.((o,oo),L-) 0. (5.6) 

Theorem 15.11 is proved by iterative application of the fohowing lemma. 
Lemma 5.2. Let a > and let (w„)„>i C i/"'^(M^) satisfy 

limsup ||u„||^i < a < oo. (5.7) 

n>l 

If 



l|e*' w«||l-((o.oo).l-) — ^ A (5.8) 

f/ien i/iere eiisi a subsequence, which we still denote by (w„)„>i, and sequences 
(t„)«>i C [0,oo), {xn)n>i CR^,ipG H^{m.^) and {Wn)n>i C H^{R'^) such that 

w„=e-^*"^^(--x„) + T4^„, (5.9) 

with 

e''"^v„i- + Xn) ^ V', (5.10) 

n— ^oo 

or, equivalently, 

e^*"^W„(-+a;„) ^ 0, (5.11) 

n->oo 

- - WWnWl. 0, (5.12) 

for all < X < 1 and 

\K\\tt'-\\e-''-^i:i--x^)\\lt'-\m\\lt' ^ 0. (5.13) 

n— J-cxD 

N-2X^ N-2X 

llV'llffi > i/A2X(i-x)a-2X(i-x)^ (5_14) 

where 

Na . ( N- 



e (0,min{l,-}), (5.15) 



2(a + 2) 

and the constant v > is independent of a, A and {vn)n>i- Finally, if A — 0, then 
for every sequences satisfying (|5.9p and (|5.1ip . we must have ip = 0. 
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Proof. We first introduce a higli frequency cut-off. Fix a reai-vaiued, radiaiiy sym- 
metric function C G C^{R'^) sucli tliat < C < 1, CiO = 1 for ICI < 1 and (iO = 
for 1^1 > 2. Given r > 0, define Xr e 5(R^) by x^{^) ^ C{^/r). Since Ix^j < 1, it 
is immediate tliat 

||Xr*w|lijA < ||u||^fA, (5.16) 

for all u e iJi(M^) and < A < 1. Moreover, 

2 _ lf|2A/i J~-\2|j-|2 



Jm>r} 

so that 

<r-(i-^)||Vu|U2, (5.17) 
for all u G i7^(M^) and < A < 1. In addition, by Plancherel's formula. 

If A is defined by ((5TT5)) . then A < 7V/2, so that 

ix.*"i(o)< / \u\<\\u\\^A[ ler'^)'. 

J{|C|<2r} V{|5|<2r} ^ 

Thus we see that 

|x.*w|(0) <«r^||u||^,, (5.18) 

for some constant n independent of r > and u e H^{MJ^). Note also that by 
Sobolev's embedding 

\\u\W < P\\u\\h>^. (5.19) 

for some constant /3 > 0. 

If A = 0, we let ■(/' = 0, W„ = «„, t„ = and a;„ = for all n > 1. Proper- 
ties (|5.9I) . (|5.12p . (I5.13P and (|5.14p are immediate. Furthermore, since A = 0, it 
follows in particular that t;„ ^ in L''(R^) so that (|ETT|) holds. 

We now suppose yl > 0. Since e**^ is an isometry of H^iW^)^ it follows 
from ([5TT9|) . (|5TT7l) and ([SJ]) that for n large 

||e^*^i;„ - e"^(x.*i^„)||L^ < 2/3r-(i-^)a < ^ 



2 



by choosing 

Applying (|5.8p . it follows that 



(5.20) 



||e'-^(Xr*Wn)||L~((0.oc).L-) > J, (5-21) 

for all sufficiently large n. Note also that (still for n large) 

||e*'^(Xr *fn)||L-((0,oo),L-) 

<l|e^-^(Xr*^;„)ILo2^((o,^),i.)||e^-^(x.*««)IL".((o,oo),L==) 

< (2a)^ ||e-^(x. * ^^n)||f^((o,^),io.), 
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where we used (I5.16|) in the last inequahty. Thus we deduce from ()5.2ip that 

for all large n. It follows that there exist (i„)„>i C [0,oo) and (a;„)„>i C such 
that 

N-2X / A\ 2X 



|e'*"^(x.*^.„)|(x„)>(4a)-^(-)' 



(5.22) 



for all large n. Let 

w„(-) = e**"'^t)„(- +x„). 

Since ||wnl|_f/i = ||wnl|ffi, it follows from (|5.7p that there exists ijj £ H^{M.^) such 
that, after possibly extracting a subsequence, 

Wn -ip, (5.23) 

n— ^oo 

in H^(R^). Since e'*^ commutes with the convolution with Xr, we see that 
e''"^(Xr *w„)(a;„) = (x,. 7k- w„)(0). Applying (|5?22l) . ([5?23| and (|57T8l) . we obtain 



(4a)' 



< 



IXr^V'KO) < K(A)r— IIV^II^x. 



Using (IOn|) . we deduce that (l5TTi|) holds. Setting W„ 



V'(- - Xn), we 



obtain jSH), and ((5TT]) follows from ((OS)) . We note that by dSH), ((5l0l) and ((5ll|) 
are equivalent. Furthermore, given any < A < 1, it follows from (15.91) that 

IKWlx = ||e-'*"^^(- - x„)\\l, + \\WJl, + 2(e-**"^^(- - x^), W^)^, 



= M'i. + WWnWU + ne-^'-^^i- - x^),u 



■0(- - a;„))^A. 



Applying (|5.23p . we deduce that (|5.12p holds. We next prove (|5.13p and we set 



fn — 



ia+2 



\Wn\\ 



a+2 



We recall that for every P > 1 and t>2 there exists a constant Cp^i such that 



|E^.| -El 



j=i 



p-i 



(5.24) 



for all {zj)i<j<f, C C^. (This is inequality (1.10) in 0.) It follows from (|5.24p that 
there exists a constant C such that for all zi, Z2 G C, 



1^:1 + Z2\ 



a+2 



a+2 



Z2r+' <c\zi\\z2\{\zir + \z2n- 



(5.25) 



We deduce from ([O)) and that 

fn<C [ \e'*-^4>\\W„i-+Xn)\K, 

where 



Note that 



\K\\^^ < c(||e^*"^vi|^ + ||i^„||2.) < ciUWrn + Wwjmr < c. 
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Assume by contradiction there exist e > and a sequence rifc — > oo such that 
frik ^ £■ By possibly extracting, we may assume that either — >■ oo or else 
—i't^M.. In the first case, 

-L a fe— S-CXJ 

since ip G H'^{R^) and |t„J oo. (See e.g. Corollary 2.3.7 in gj.) This is absurd. 
In the second case, it follows from (|5.1ip that Wn^,{- + Xn^)^0 in H^{M.^) as 
k ^ oo. By Sobolev's embedding, we deduce that Wn^{- + a;„^) ^ in L'^{Bjf) 
strongly for every R > 0, where Bn is the ball of M.^ with center and radius R. 
Note also that e^^^^^ip belongs to a compact subset of H'^{R^), hence of L''(R^). 
Thus for every S > 0, there exists R such that ||e'*"fc^VllL''({|2;|>fl}) < S. Using 
the boundedness of e'^^k^tp and Wn^ in L''(R") and that of /i„, in L^(R^), we 
estimate 

/„. < C||e**"'=^Vl|L-({lx|>K}) + C||W„J- +a;„J|U.(||^l<fl}). 

We first choose R large enough so that the first term on the right hand side is 
smaller than e/4, then ko large enough so that the second term is also less than 
e/4 for k > ko, and we deduce that < e/2 for k > /cq. This is absurd and 
proves (|5T3| . Finally, if A = 0, then in particular ||e**"^w„ ^ 0. Thus V = 
by (|5.10p . This shows the last statement of the lemma and completes the proof. □ 

Before proceeding to the proof of Theorem l5.ll we prove the following property. 

Lemma 5.3. Let (i„)„>i C M and (a:;„)„>i C satisfy 

\tn\ + \xn\ oo. (5.26) 



It follows that 

e'*"^V(- + a;„) ^ 0, (5.27) 

n—^oo 

inHi(R^) for allil) G H^{R^). Moreover, i/(z„)„>i C H^{M.'^) and ^jj G i/i(R^) 
satisfy 

Zn 0, e**"^z„(- + a;„) ^ V, (5.28) 

n— >-oo n— >-oo 

m i7i(R^) and ifip^O, then (fOe]) Wrfs. 

Proof. We prove the first statement, so we assume (|5.26p . By a standard density ar- 
gument, we need only show that for every tp,C G 5(R^), (e**"^7/'(' + Xn),C)H^ 
as n oo. Assume by contradiction that there exist ip,C & 5(M^), e > and se- 
quences (tnjfc>i and (a;„Jfe>i satisfying (|5.26p such that \{e'-*"^f^^ip{-+XnJ,Om I > 
s. By considering a subsequence, we may assume that either t„j. — >■ oo or else i„j. 
is bounded. In the first case, 

TV 

< |inJ-^||^||wi-i||Cllwi-i 0, 

A;— >-oo 

which is absurd. In the second case, |a:„^| — ?> oo, so that C(- — a^n^ ) ^ in H^(R^). 
Since e'*"'='^7/' belongs to a compact subset of i/^(R^), it follows (see Lemma 23]) 
that 

|(e'*"^-^^(. -I- x„J, Offi I = |(e""^^V, C(- - ^n,))m I 0, 

which is also absurd. We now prove the second statement, so we assume (|5.28p . 
Suppose by contradiction that V' 7^ and there exist — 00 such that \tn^ \ + |a;„^ | 
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is bounded. By considering a subsequence, we may assume tn^ — t and Xn^. — x. 
Since z„ ^ 0, it follows easily that e**"'^z„(- + a;„) ^ 0, which is absurd. □ 

Proof of Theorem \5.1\ We set 

a = limsup l|0„l|i/i, 

n—^oo 

we let 

and we construct by induction on £ the various sequences so that for every 1 < j < 

= e-<^i:H- - xi) + Wl (5.29) 



for all n > 1, 



— > F, (5.30) 

n— ^oo 

'"^l¥ri(.+x^„) - V^ e<^W^^(. + <) - 0, (5.31) 
iniJi(]R^), 

llW^r^ll^.-lk'^lllf. -IIW^^IIl,. ~^0, (5.32) 

for aU < A < 1, 

l|W^r'll2^'-||e-<V(--x^JII2^'-||W,ill2^' ^ 0, (5.33) 

n— )-oo 

and 

l|e'-'^t^riL~((o,oo)x^) A,, (5.34) 

iV-2A2 



IIV^^IIhi > !^a"5^<^Af^^, (5.35) 



where v is the constant in Lemma 
For £ = 1, we set 



Ai limsup l|e*-'^</)„||i 



((0,oo),L-)- 

We extract a subsequence so that 

\W'^4>n\\L°°((Q.oo),L^) > 

and we apply Lemma with = VF^. Properties ((0T|) - ((05)) 

and (j5.35l) are immediate consequences of Lemma 15.21 Moreover, by possibly ex- 
tracting, we may assume that (|5.30l) holds for some < ? < cxo. 

Given l>2^ suppose t:^ , F , a;^ , '0"' , have been constructed for all n > 1 and 
j < ^ — 1, and set 

A M II „i-ATjA£-l II 

-((0,oo),L-)- 



A, =limsup||e"^<^i|Uoo((o,, 

n— ^oo 

We extract a subsequence so that (|5.34p holds for j — £ and we apply Lemma [52 
with Vn = W^~^ . We obtain (after possible extraction) (ifj)„>i C (0, cx)), < < 
00, «)„>! C M^, e i?i(R^) and (W^^)„>i C iJi(K^) such that (15^291) - dOSl) 
hold for j = ^ and 



llV^i^. > (hmsup llW^IkO"^^- (5.36) 
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Summing up (|5.32p in j from to £, we obtain (|5.3p at rank £, from which it follows 
that 

limsup ||W,^||ffi < limsup \\<f)n\\H^ < a; 

n— >oo n^oo 

and so ((O^ yields (I05)) . 

We note that at every iteration, we extract subsequences from the previously con- 
structed sequences t:^, and W^. However, this does not affect the identity (|5.29p . 
nor the limits ([O0| . ([OT|) . ([02|) and ([04| (and therefore the estimate ([05|) ). 
Moreover we may, at the ^-th iteration, extract so that , x^^^ and Wi are unchanged 
for j < i — 1 and n < £. In this way, the above iteration constructs the sequences 
■0^, P^, xi^ and Wl for all j > 1 and n > 1 and all properties (j5.29p ~ (l5.35p are 
satisfied. 

We now show that the sequences that wc constructed satisfy all the conclusions. 
As observed above, (|5.3p follows by summing (|5.32p in j from to Similarly, 
([ET|) follows by summing ([QS)) . Note that by JO]) IIV'-'ll^/i < a so that, 

letting £ — >• cx), X^jli llV'-'ll/fi < «• Applying ()5.35p . we deduce that 



so that 



At — > 0. (5.37) 



Note that ll/IU. < with = ^^^-^^J.^^"'^ G (0, 1); and so 

l|e'-^<|U.((o,oo)x^) < lk'-^<lll.((o,oo),L^)l|e'-^M/^|li-4(o.oo).Ln 

by Strichartz estimate (|4.ip . Since limsup„^oo ll^nllffi < a by (|5.3p . we deduce 
from estimates (|5.38p and ()5.37p that (|5.6p holds. The last statement of Lemma l5.2l 
shows that if 4''' = for some j > 1, then ■0^ = for all i > j; and so there exists 
J e N U {oo} such that ip^ ^ for aU j < J and V^' = for all j > J. 

We next prove (|5.5p . We suppose J > 3 (otherwise there is nothing to be proved) 
and we argue by induction. We note that by ()5.3ip . 

e<^W^{- + xi) - 0, e<'^W^i- + xl) - 

Applying Lemma [5.31 (second statement) with z„ = e**"'^W^,j(- + a;,\), we deduce 
that — ^i'^il + 1^;^ — ^nl oo. Suppose now J > 4 and (|5.5p has been proved for 
all 1 < j ^ fc < £ - 1 for some 1 < J. Given 1 < j < £ - 1, it follows from (fOQ]) 
that 

so that 

e<A^.-i(. ^ _ e<A^,-i(. _^ 

^-1 



^ e^(*i-C)A^^-(. + ^.^_^^). (5.39) 
k=j+i 
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Applying (|5.5p . it follows from Lemma [531 (first statement) that the right-hand side 
of (|5.39p weakly converges to —^p^. Using also (|5.3f |) . we deduce from (|5.39|) that 



e 



itiA 



n— ^-oo 



On the other hand, it follows from (|5.3ip (with j — £) that 

71— >00 

Applying Lemma l5.3l (second statement), we deduce as above that \tn ^ t^n \ l^n ~ 
x^l — oo. Thus we see that (|5.5p holds for a\\ 1 < j ^ k < i. 
Finally, we deduce from ([532]) (with A = 1) and ([03]) that 

E{W^-^) - i?(e-<^V'n- - <)) - E{Wi) 0, 

n— >oo 

and (j5.4p follows by summing up the above estimate from j ^ 1 to j — £. □ 

6. Existence of a critical solution 

This section is devoted to the following proposition, which is an essential step in 
the proof of Theorem 11.11 

Proposition 6.1. Let C be defined by (|2.ip . ICui be defined by (|2.2p . and let uiq € 

(0, 1] be defined by (j2.3p . If ujq < I, then there exists ^crit G ^ such that (/Jcrit jC. 
Moreover, i/ Merit is the corresponding solution of (INLSp then there exists a function 
X G C(R, K^) such that {Mcrit(i) ' ~ ^(^)); i > 0} is relatively compact in iJ^(M^). 

In the proof Proposition 16. 1[ we use the following lemma, in which we construct 
nonlinear profiles associated to certain elements of /C^j. 

Lemma 6.2. Let < a; < 1 and (t„)„>i C (0, oo). //e^**"'^?/' G for all n > 1 
and tn ^t (z [0, cxd], then there exists a "nonlinear profile" ^ G JC^j such that 

IIV^IU^ = II^IIl^, (6.1) 

E{ii) = lim E{e~'*"^^p), (6.2) 

n— ^oo 

||5(_i)^_e-*A^||^,^0. (6.3) 

Proof. If i = oo, then ||e^**"'^V-'l|L'- as n — > oo, so that 

i?(e-*"^^) - hmWl, = Eie-^'-^yj) - i||Ve-*"^^||i. ^ 0. 

2 2 ri— >oo 

Since ip & K.^,, we deduce that 

^WV^Wl^Mii^r < ^E{Q)M{Qr. (6.4) 



Thus we may apply Proposition 14.61 and obtain i/i G K.^^ such that (|6.3p holds. If 
t < oo, we set -0 = 5(i)[e"^*'^V]- Since e"*''^-0 e K.^, we deduce from (|IT7)) that 
tp & ICu:, and (|6.3p follows from the continuity of the flow. Finally, (|6.3p together 
with conservation of charge (for both the linear and nonlinear flows) and energy 
(for the nonlinear flow) yield (j6.ip and (|6.2p . □ 

The main step in the proof of Proposition [5TT] is the following lemma, which says 
that, under appropriate assumptions, the profile decomposition of Theorem 15.11 
contains at most one nonzero element. 
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Lemma 6.3. Suppose luq < 1. Let {uJn)n>i C (0, 1) satisfy LUn ^ ujq as n ~> oo. 

Let {(pn)n>i C H^(R'^) and suppose (f>n G tCuj^ ^.^d M{(f)n) = 1, (f>n ^ C for all 
n>l. It follows that there exist a subsequence, which we still denote by {(f>n)n>i, 
G H^{R^), {Wn)n>i C H\R^), ixn)n>i C , (r„)„>i C [0, oo) and < r"< 
oo such that M{ip) — 1 and 

0„ = e-*""^^(--a;„) + l^„, n>l (6.5) 



T„ — > T, (6.6) 

n— ^oo 



\\Wn\\H^ 0. (6.7) 

n— >oo 

Proof. Since 0„ e IC^i^ and A/((/)„) = 1, we deduce from p.6p that 

||V0„|U2 <c^|||VQ|U2||g||^.. (6.8) 

Applying Theorem 15. II to (0n)n>i, we write (after extracting a subsequence) 

e 

(f>n = E e-'^-^V-^i - O + VF^, (6.9) 

where the various sequences satisfy properties (|5.2I) through (|5.6I) . Since M {(/)„) = 
1, it fohows in particular from (|5.3p that for every £ > 1, X]j=i M{ip^) < 1. Thus 

oo 

^Af(^^)<l, (6.10) 

and we set 

M = supM(V'^) < 1. (6.11) 



Similarly, we deduce from (|5.3|) and (|6.8p that 

^llW^lli. <limsup||V<^„||i. <c.o||VQ||i.||g||il, 

. n—¥oo 

SO that 

oo 

EllW^'lli^ <^ol|Vg||i.||Q||i'J. (6.12) 

Applying (|6.10p and (I6.12p . we see that for every j,n >1 

||Ve-<Vl|LH|e-^*"VllZ^ = m^L^i^'Wl^ < 4||VQ||lHIQIIl2 (6.13) 
It follows from (|03)) and ([331) that 

for aU n,j > 1. Similarly as above, we deduce from (|5.3p (with A = and A = 1) 
that, given any £ > 1, 

hmsuplKlU. < 1, hmsupllVt^^lli. <c.o||Vg||i.||Q||i'J, 

SO that 



EiWi)>^^^\\\7WfMl.>0, (6.15) 
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for all sufBciently large n (depending on i). Since 0„ S ICuj^ and M{(j)n) = 1, it 
follows from ()5.4|) and ()6.15|) that, given any j >1, 

limsup£;(e-**"'^V'^) < limsup£;(0„) < ujqE{Q)M{QY , (6.16) 

and we set 

= sup[limsup£;(e-<'^V^')j < u}qE{Q)M{Q)'^ . (6.17) 

j>l L n— ^oo 

Given any uo < u < 1, it follows from (|6.1ip and (|6.17p that for every j > 1, 
e-«*i'^-0i £ /Ctj for all large n. We now apply Lemma \6l2\ and obtain the nonlinear 
profiles 

i^' e /C,,, (6.18) 

such that 

||5(-t)V'^' - e-'*^?A^'||Hi ^ 0. (6.19) 

We set 

Note that by (PUj) . ([CTT]) and 

V^^e/Cs, j>l. (6.21) 
We now prove by contradiction that 

w = UQ. (6.22) 

The idea of the proof is now to approximate 

e 

« 5]5(t - tiWi- - <) (6.23) 
j=i 

If (|6.22p fails, then u < uo, so all the terms on the right hand side of the approx- 
imation (|6.23l) scatter. Furthermore, for i and n sufficiently large, it follows from 
the divergence property (j5.5p that the remainder in (I6.23P converges to as t — )> cxd. 
It follows that S{t)(f>n scatters, which yields a contradiction. We now go into the 
details, so we assume u < loq. Since K,^ is invariant by complex conjugation, we 

deduce from (|6.2ip that G /C^^, so that by (|4.6I) and definition of wq, 



for all J > 1 . Let 



\\SiW\\L-^iR.Ln<°°^ (6-24) 

u„(t) =5(t)0„, (6.25) 
viit)^S{t-ti)i,^i-^xi\ (6.26) 

£ 

j=i 

e 

= E[e-<^V^(- - xi) - 5(-t^J^^(. - xi)] + Wl (6.28) 
i=i 

It follows from dH]) and that 

za*wl + A< + Krwl = el, (6.29) 
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where 

ei = \uirui-j2KryL (6-30) 
i=i 

and that 

«„(0)-<(0) = W?^. (6.31) 
We want to apply Proposition 14.71 and we begin by estimating ||u^||/,i((o_oo).l^)- 
It is not convenient to estimate this norm directly, so we estimate ||w^||lt((o,oo),lt) 
and \\u^\\l°°{(o,oo),h'^)' desired estimate resulting by using (|4.4p . We note that 
by (ICTl and ferSl) . 

J2U'\\m=--Ci<^. (6.32) 
In particular, there exists £o > I such that 

U'\\m<^-f, J>4, (6.33) 

where 6sd is given by Proposition 14.31 Applying (|6.19p . we deduce from (|6.33p that 
for all £ > £o there exists ni{£) > 1 such that 

\\Si-ti)i^'\\m < Ssd < 1, io<j<i,n> mie). (6.34) 

Furthermore, it follows from (I6.32p and (|6.19l) that given any £ > 1 there exists 
n2{£) > 1 such that 

e 

J2m-ti)^'\\H^<2Cu n>n2{£). (6.35) 
It follows from (I5.24[) that, given any £ > £o, 

iiE<iiI.K-)^^Eii-^iiI.«-)+^^ E Lj<ii-«ii-«r"^ (6-36) 

with M^+^ = (0, oo) X R^. Applying g^H]), (lOi)) . and dOS]) . we see that 



for n > max{ni(i?), ri2(^)}. Next, observe that, given £q < j k < £, 
Applying (|4.8p . we obtain 

Kii«^ii«^r'<ii5(-t^)'A'=ii:^T' 



(6.37) 
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Since S{t)ilj^ and S{t)i)'' are two given Junctions of L''(K^+i) and - PJ + 
~ — ^ oo as n — cxD by (j5.5l) if and 4'^ are both nonzero, we deduce 
from Lemma 14.51 that the right hand side of the above inequahty converges to as 
n — oo; and so, 

b^ll^nll^nr' ^ 0. (6.38) 

JV + l n— >oo 

+ 

We deduce from (|6.36p . (16. 37^ and (16.381) that, given any i > io, there exists 
n-sii) > 1 such that 

e 

II E<III.(M"+i) ^ 4CiCsd, ^ > > W. (6.39) 

io * 

We now estimate the norm. Note that 

||E^"W||l. = Eii<wii?^^ + 2 E (6.40) 

Applying ((OS)) . dM]), ([OH) , and ((05t . we see that 

E hm\m < ^ 2CiC.d, (6.41) 

j=eo to 

for n > max{ni(€), n2(f)}. Next, given any j ^ k > io it fohows from (j6.34p and 
Corollary (recall that - + |a:^ - a;^| oo as n ^- oo by (|5.5p if tp^ and 
tp'^ are both nonzero) that 

sup|(«^(i),«^(t))Hi| ^ 0. (6.42) 

We deduce from (|0(I| . (|OT|) and (|0^ that, given any £ > 4, there exists 
n4{£) > 1 such that 
e 

llE^"lli-((o,oo),Hi) <4CiQd, ^>4,n>n4(^). (6.43) 

Now if n^ie) = max{n3(^), ni{i)}, it follows from ([OQ)) . ((OS]) and (|Ml) that there 
is a constant Ai independent oi £ > Iq such that 

llE<lli"((o.-).i^) ^^1' ^>^o,ri>n5(^). (6.44) 
On the other hand, applying ()6.24p we see that there exists a constant A2 such that 

llE"«lli'^((o,oo),Ln ^^2, (6.45) 

for all n > 1. Setting A ^ Ai + A2, we deduce from (|6.44I) - (I6.45I) that 

hlllL"((o,oo),L-) <A, n> n^it). (6.46) 
We now fix sufficiently large so that 

limsup||e'-'^W^^MlL"((o,oo),Ln < (6-47) 
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where A is gven by (|6.46|) and e{A) is given by Proposition |4?7l (Such an ii exists 
by dSS]).) Applying (|08l) . we obtain 

+ l|e'^-^<M|L<^((0,oo),L^), 

so that, applying (|6.19p and (|6.47p . there exists uq > 1 such that 

We'-^Wt ||l<^((o,oo),l^) < e(^), n > n^. (6.48) 

Finally, it is not difficult to show that for every ^ > 2 there exists a constant Ci 
such that for all {zj)i<,j<,i C 

llE^jfE^^-Ei^^i"^^! E (6.49) 

i=i j=i j=i i<i#fe<<? 
It follows from ([05)1 that 

l|elMlL'>'((o.oo).L^') < C^^. E II IIl^'((o,oo),l^')- (6-50) 

i<j^k<e.i 

Fix 1 < j 7^ fc < ^1 and note that by (lOil) 5(-)V^^ 5(-)V^'' G i:"(R, L''(R^)). 
Recall that (a + 1)6' = a and (a + l)r' = r. Thus, approximating S{-)ip'' in 
L"(R, L''(R^)) by functions of C^{R^+'^) and using ([53]) , it is easy to see that 

lll<ri^nlllL'>'((0,oo),L^') 0. (6.51) 

Applying (|6.50p - (|6.5ip . we deduce that there exists such that 

l|elML^'((o,oo),L^') <£(^)> ">"7. (6.52) 

Using now ((O^ . ((051) (together with (|OT|) ) and we see that for ev- 

ery n > max{n5(£i),n6,n7}, we have that ||m1MIl-((o,oo),L'-) < A ||e'''^(u„(0) - 
<'(0))IIl-((o,oc,),l-) < e(^) and ||elMlL'>'((o,oo),L'-') < Applying Proposi- 

tion STTl we conclude that 0„ G £, which is absurd. 

Thus we see that ui — wq. It follows in particular from (|6.20l) and (|6.17p that 
M = 1. Applying (pm]) . we deduce that V"' = for all j > 2, i.e. J = 2 with the 
notation of Theorem 15.11 Therefore, setting ifj = ^p^ ^ W„ = W,];, r„ = t),, r = 
and Xn — x\ we see that M{\p) = 1, (|6.6p holds, and (|6.5p follows from (|6.9p . Since 
Af((/)„) = M{-tp) = 1, it follows from ((53| with A = that ||W„||l2 ^ as n oo. 
Next, since M = 1 and u) = l^q, we deduce from (p?^ that E ^ i:joi^(Q)M((3)'^; 
and so by ((OTl) limsup£;(e~'^"'^V) = ujoE{Q)M{QY as n ^ oo. Note that 
by (1121) the lim sup is a limit, so that Eie^'^^^ip) ujnE{Q)M{QY . Applying 
now (15.41) and (|6.16p we obtain lim sup i?(W,i) = 0, and we deduce from (|6.15p that 
l|VW^rt||L2 — J> as n — > oo. Therefore, ||W^Ti||ffi — ^ 0. This completes the proof. □ 



Proof of Proposition \6.1\ We first show the existence of the critical solution. By 
definition of wq, there exist a sequence (a;„)„>i C (0, 1) and a sequence {4>n)n>i such 
that e /C^„ and 0„ ^ C Note that the quantities E{u)M{uY and || Vit||i2 ||m||22 
are both invariant under the scaling u ^ Since (jNLSp is invariant under 

the scaling p.9p . we may assume that M(0„) = 1, and so we may apply Lemma [631 
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It follows from (|6.5p that 0„ = e^*'^"^i/)(- — Xn) + Wn for all n > 1. Furthermore, 
we deduce from (16. 7p and (|4.2p that 

n— >oo 



l|e^-''W^n|U<^((o,oo),L-) 0. (6.53) 



Let ifi be the nonlinear profile associated to ip by Lemma Note that AI{tp) — 1 
so that by (|01l . M(V') = 1. Suppose 

II<5(-)V^||l<^(m,l^) < oo. (6.54) 

We observe that 

<Pn - <5(-T„)?^(- - X„) = e^'-''"^tp{- - X,i) - 5(-T„)^(- - Xn) + Wn, 

SO that applying (HSl), (g^I) and 

||e*-^(0„ - 5(-r„)^^(- - .T„))|U.((o,oo),L-) 0. (6.55) 

It follows from (|6.54l) . (I6.55P and Proposition 14.71 that e £ for all large n, 
which is absurd. (Recall that 0„ ^ £ by construction). Thus (|6.54p fails, so 

that ||«S(-)V'IU°((o,oo),L-) = oo or ||<S(-)V'IIl»((o,oo),L'-) = II<5(-)'0IIl°((-oo,o)x-) = oo 

(by (|4.6p V In the first case we let tpcrit = ■0: and in the second case we let lySdit = "0- 
In both cases, the conclusions immediately follow. (Note that M{(pcrit) = 1 by 
Lemma 16.31 ) 

We now prove the compactness property and we begin with the following claim. 

Claim 6.4. For every sequence {nk)k>i C N, Uk ^ oo, there is a subsequence, 
which we still denote by {nk)k>i, {xk)k>i C and v S H^(R^) such that 
Ucrit(nfc, • - a;fc) ^ w in iJi(R^)." 

To prove the claim, we apply Lemma 16.31 to the sequence 0^ = Wcrit("fc) and we 
obtain 



Mcrit(nfc) = e-'^'^,jj{- - Xk) + Wk, fc > 1 (6.56) 
Tk T, (6.57) 

\\Wk\\H^ 0. (6.58) 



We first assume t ^ go. Note that Ucvit{nk) ~ e"'' — Xk) + Wk, so that 



||e'-^Mcrit(nfc)||L<^((0.oo).L^) < ||e">||L<^(K,oo),Ln + C\\Wk\\m. (6.59) 



Since Tk ^ oo and ||VFa;||_h-i 0, we see that |le*''^Ucrit("-fc)l|L-((o,oo),L'-) 0. In 
particular, for all sufficiently large k 



||e"^Wcrit(nfe)l|L"((o,oo)xn < (6-60) 
where e(-) is given by Proposition 14.71 Applying Proposition 14.71 (with u — e ~ Q 
and u — S{-)uc-[it{nk)), we conclude that 



\\S{-)Ucnt{nk)\\L-({0,oo),L-) < C(0), 



for all large fc. Note that by ()4.6p 5(i)ucrit(nfc) = S{—t + nk)(pcHt, so that the 
above inequality means 

l|Ucrit||L»((-oo,«0,i'-) ^ ^(0)- (6-61) 
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Letting fc — ;> oo we obtain Merit G i°(M, L'^(M^)). Thus (pait G jO, whieh is absurd. 
Therefore, we must have r < cxo and we deduce from (|6.56p - (|6.58l) that Merit ('^fe, ■ + 
Xk) — >e~"^ip: which proves our claim. 

Next, we show that there exists a sequence {yn)n>i C such that the sequence 
(i*crit("-, • — 2/n))n>i IS relatively compact in iJ^(R^). We first observe there exist 
R < oo and {yn)n>i C such that 

3 

|Ucrit(»^, • - 2/n)P > T- (6.62) 
\x-y„\<R 4 

Indeed, otherwise there exist a sequence {nk)k>i and a sequence Rk oo such that 
sup / |"crit(?ifc, • - y)P < 7- (6.63) 

yeR" J\x~v\<Rk 4 

If rijc is bounded, this is absurd (since Ucnt{nk) belongs to a compact subset of 
H^{M.^)), so we may assume rik — > oo. By Claim [6^ we deduce that, after possibly 
extracting, there exist (a:fc)fc>i C and v S H^(R'^) such that Merit("fe, - — Xk) 
V. In particular, \\v\\l2 = 1, so there exist p > and z G such that 



\< > T- (6.64) 

x — z\<p 



It follows that 



3 

|ucrit('^fc, • - a;fc)p > -, (6.65) 

x — z\<p ^ 

for k large. This contradicts (|6.63p . thus proving (|6.62l) . We now show that the 
sequence {yn)n>i has the desired property. Indeed, consider a sequence Uk — > oo. 
By Claim we see that (after possibly extracting) there exist {xk)k>i C and 
V G H^iW^) such that Uerit(?^fe, - — Xk) — ^ V. Arguing as above, we deduce that there 
exists p > such that ([BTM)) holds. Since M{ipcnt) = 1, and show that 

ll/rifc — Xk\ < R + p. Thus by possibly extracting we may assume that — — s- 
X G M.^ as A; — > oo. It easily follows that Uerit('T'fc, • — Vuk) ^ v{' ^ x) in H^{R^) 
as — oo. Thus we have proved that any subsequence of (uerit("-, • — 2/n))n>i 
has a converging subsequence; and so (Merit("-, • — 2/n))n>i is relatively compact in 
i?i(M^). 

It now follows from Remark 14.11 that (<S(l)iterit(7^, • — yn))n>i is also relatively 
compact in i?^(R^). Since 5(l)Merit("-, ' — yn) — Ucrit("- + 1, ■ — yn), we see that both 
the sequences (uerit("-, • — 2/n))n>i and (ucrit("-, • — J/n-i))n>2 are relatively compact. 
In other words, if we set w„ = ^ierit(?^, --yn), then (w„)„>i and (u„(--j/„_i+?;,i))n>2 
are both relatively compact. Since ||w„||^2 = ||iy9crit||L2 = 1, it easily follows that 

R sup |y„ - yn-i\ < oo. 

n>2 

Note that by Remark l4Tl 

E = {uerit(n + 0,--yn + y);n>l,O<e< 1, |y| < R}, 

is relatively compact. We finally define x e C([0, oo)) for i > by x{t) = yi for 
< t < 1 and x{t) = yn + (t — n)(y„+i — y„) for n<t<n + l, n>l. Since 
Wcrit(i, • — x{t)) G E for all i > 1, we see that Ut>o{ucrit(i, • — x{t))} is relatively 
compact, and this completes the proof. □ 
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7. Rigidity 

The main result of this section is the following rigidity, or Liouville-type theorem, 
which implies in particular that the critical solution constructed in Proposition 16. II 
must be identically zero. It is similar to Theorem 6.1 in [6] which concerns the 3D 
cubic NLS. The proof of is easily adapted to the present situation, and we give 
it for completeness. 

Theorem 7.1. Let ip G K. and u G C([0, oo), if"'^ (M^)) the corresponding solution 
of (INLSp . // there exists a function x G C([0, cxd),M-'^) such that 

sup / {|VM(t,x)p + |u(t,a;)|"+2 + ^ 0, (7.1) 

t>0 J {\x+x(t)\>R} 

then Lp — Q. 

We will use the following local version of the Virial identity. 

Lemma 7.2. Let x e C^{[Q,oo)) and T > 0. If u e C([0, T], iJi(R^)) is a 
solution of (|NLSI) . then the function 1 1— x(^)|w(*) belongs to C^([0,T]). 

Moreover, 

4 / x{r)\u{t,x)\'^dx = 2lin [ x'{r)u^dx, 
at Jrn 7r« or 

and 

-J / xir)\uit,x)\^dx^8\\Vu\\l.-^\\u\\ltl. 
at Jrjv a + z 



(x"M- 



r 



Or 



2a 



{2N - Ax)\ur+' - \u\'A'x, 



for all < t < T. (In the above formulas, x is considered either as a function of 
r = |a;| or as a function of x.) 

Proof If ^ e ij2(R^^), then u G C([0, T], p C^{[Q,T], L'^(^^)) and the 

result follows from direct calculations. See Lemma 2.9 in [T^ or formula (6.5.35) 
in [3]. The general case follows by approximating (p by smooth functions and from 
continuous dependence. □ 

Proof of Theorem \7.1\ We assume by contradiction that </5 7^ and we first note 
that we may assume without loss of generality that has null momentum, i.e. 



Indeed, set 



and let p be defined by 



P{p) = 0. (7.2) 



p{x) = e"-2'V(a;)- (7.4) 

By elementary calculations, <p G i/^(M^), ||^||l2 = ||(/5||l2, ||^||ic+2 = ||(/j||ic+2 
and ||Vi^||^2 = ||V</j|||2 - 2\P{p)\'^M{p)-'^ < ||V(/9|||2. In particular, we see that 
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93 ^ and </j G /C. Moreover, by Galilean invariance, the corresponding solution 
u e C([0,oo),i?i(]R^)) of (lNLS|l is given by 

u{t, x) = e'(^-'«'-*l^«l')u(t, X - 2tya). 

It follows easily that there exists a constant C independent of t, x such that 

[|Vwp + + < C[|Vwp + + a; - 2tyo), 

so that u satisfies the assumption (|7.ip with x{t) replaced by x{t) = x{t) — 2tyo. 
Thus we see that ip satisfies all the assumptions of the theorem, along with the null 
momentum condition (I7.2[) . 
We now proceed in two steps. 

Step 1. We show that 

Ma^O. (7.5) 

Indeed, otherwise there exist ^ > and a sequence — )■ cxd such that 

\x{tn)\>5tn. (7.6) 

Without loss of generality, we may suppose x(0) = 0. Let 

r„ = inf{i>0;|a;(i)| > |x(i„)|} . (7.7) 
It follows easily from (|7.7p that < t„ < t„ and |a;(T„)| = |a;(i„)|, so that 

T„ — > OO, (7.8) 

n— »oo 

|a;(t)| < |a;(r„)|, < i < r„, (7.9) 
N(t„)| >(5r„. (7.10) 
Fix a function 6i e C°°([0, oo)) such that < 61 < 1, \6'\ < 2 and 



1 < r < 1 
r > 2. 



Given i? > 0, set 

One verifies easily that 

\eRi\x\)-l\ + \x\\9'M)\<5xl^\,\^j,y and |a;|0ii(|xl) < 2i?. (7.11) 

Let 

ZR(t) ^ I x6R{\x\)\u{t,x)\^dx. 
Multiplying the equation (INLS|) by xOru, we obtain by an easy calculation that 

z'r,(t) = 2Im / (gfluVu + xe'r,u^\ = 2Im / {{Or - l)uVu + x0'j,u^\, 
Jrn I dr i Jkn I dri 

where we used the property P{u{t)) = (see (j7.2p ) in the last identity. Apply- 
ing (|7.1ip . we deduce that 

14(^)1 < 10 / \u\\Vu\<5 [ {\Vu\^ + \u\^}. (7.12) 

J{\x\>R} J{\x\>R} 

On the other hand, it follows from (17.11) that there exists p > such that 

{|V^t)r + Ki)|^}<-^^, (7.13) 

{\x+x{t)\>p} W[i + 0) 
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for all t > 0. Set 

Rn = \x{Tn)\ + p. (7.14) 

Given < t < r„ and |a;| > i?„, we deduce from (|7.9p and ()7.14p that 

\X + X{t)\ >Rn- \x{t)\ >Rn- \x{Tn)\ - p. (7.15) 

Applying (frT2)) . (fTTSl) and (frT3| . we obtain 

for all n > 1 and < i < t„. Next, since i?„ > p and x(0) = 0, 

I kl^flJv'l' (7.17) 

{\x\<p} J{\x+xm>p} 

where we used (|7.1ip and (|7.13p the in the last estimate. We now estimate 2:fl„(T„) 
as follows. 

ZR^{Tn) ^ / xeRju{Tn,x)\'^ + / x9 R^\u(Tn , x)\'^ 

J {\x+x(t„)\>p} J {\x+x{r„)\<p} (7.18) 

= 1 + 11. 

Applying ((7?TT|) and (TTT^ . we see that 

Next, we note that if |x + a:(7"„)| < p, then |a;| < |a; + .T(T„)| + |a;(r„)| < p+ |a;(T„)| = 
Rn, SO that 0fl„(la:|) = 1; and so 

II = / x|u(r„,a;)p 

J {\x+x{Tr,)\<p} 



(x + x(r„))|u(r„,x)| - a;(T„) / |u(r„,x)| 

{|a;+a:(T„)|<p} J { |x+a:(r„) | <p} 

= -a;(T„)M((^) + / (x + a;(T„))|M(T„,x)p 

J{|x+x(r„)l<p} 



2 



+ x(t„) / |u(T„,x)p. 

J{|x+3:(r„)|>p} 



Applying (|7.14p and (|7.13p . we deduce that 



|II| > \x{Tn)\M{^) - pM{^) - ^^^M_i?„. (7.20) 



Estimates (fH^ . ((7l9l) and ([7:201) yield 



\ZB.M\ > \x{r^)\M{^) - pM{^) ^^i?n. (7.21) 
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We deduce from ([7161) . UfTTi} and (fTTfj) that 
SM{ip) 



> |x(r„)|M(^) - 2pM{v) - l^^^n 



Finally, applying (|7.14p . we obtain 



|a:(T„) ^ 5 ^ p 4 + 55 



Tn 2 + (5 Tn 2 + 5' 

which, together with (|7.10p and ()7.8p . yields a contradiction. 
Step 2. Conclusion. Since ^ 0, we have 

E{lp) > 0, (7.22) 
by Lemma [3. II Fix a function x £ C°°([0, oo)) such that 

^ \0, ifr>2. 

Given i? > 1, set 

so that 
X'nir) 



r 

and 



- 2 = x"(r) - = 2iV _ Axfld^l) = A\r{\x\) =0 for r < i?. 



1 x'r 



r 

for some constant C independent of i? > 0. Define 



+ Wx'kh^ + W^xrH ■ I)IIl~ + R'W^'xrH ■ l)IU~ < c, 



-^WXrWl 



Znit) ^ / XR{\x\)\u{t, x)\ dx. 

It follows from Lemma [7.21 that Zr G C^([0,oo)) and that 

IZ'rM < CR\\u{t)\\L4Vu{t)\\L2 < AR, (7.23) 
for some constant A independent of t > and R > 0. Moreover, 

zut) = mumh - ^Wumtti+Hniuit)), (7.24) 

a + 2 

where 

\HR(um <B f {\vu{t)\' + \uitr+' + \u{m, (7.25) 

J{\x\>R} 

for some constant B independent of t > and R > 0. Set 



> 0. 



We deduce from Lemma IXTl that 



mumh - ^11^^(0112^^^ > V\\^u{t)\\l. > 2rjE{u{t)) ^ 2r^E{^). (7.26) 
a + 2 ^ 
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Since E{ip) > by ()7.22|) . it follows from ()7.ip that there exists p > 1 such that 

{\Vu{t)\' + \u{tr+^ + \u{m < (7.27) 

{\x + x(t)\>p} 

for all t > 0, where B is the constant in ()7.25p . Next, we deduce from ()7.5p that 
there exists to > such that 

< '-^t, (7.28) 

for t >to. Given t > to, set 

rjEjip) 

Rt^ P+ T (7.29) 

It follows easily from (17^ and that {|a;| > Rr} C {|a; + x{t)\ > p} for 

t e [to,T], thus by ((7:25]) and (TT?/)) 

\HnAHt))\<r^E{^), (7.30) 

for ah te[to,T]. We deduce from ([721, (|7:^ and ^^L^ 

Z'/,^{t)>rjE{^), (7.31) 

for all t E [to,T]. Integrating (|7.3ip on {to,T) and applying (|7.23p and (|7.29p yields 

77i?(^)(r - to) < / ^fl(t)di < - Z'nAto)\ 

(7.32) 

< 2Ai?^ = 2A(^p + ^-^^j^T^ ■ 
Letting r — >■ 00 in (|7.32p yields a contradiction. □ 

8. Appendix: a Gronwall-type inequality 

Lemma 8.1. Let 1 < < j < 00, < T < 00 and let f e LP{0,T), where 
1 < p < 00 is defined by — ^ ~ ^. If f] > and (p £ L^j,([0,T)) satisfy 

WfWLyiOA) <V + \\fv\\Ll^iO,t), (8.1) 

for all < t < T , then 

ll^llL.(0,t) <^*(ll/llLP(0,t)) (8.2) 

for all < t < T , where $(5) = 2r(3 + 2s) and T is the Gamma function. 

Proof. Since / G LP{0,T), there exist £ < 2||/||ip(o_T) and an increasing sequence 
(Tfc)o<fc<£ such that tq = 0, T£ = T and 

ll/IU-(r.-i,r.) = ^if^>2andl<fc<£-l, ||/|Up(.,_„.,) < ^. (8.3) 

Set ao = and = ||¥'||LT(o,rfc) for 1 < A; < ^. It follows from (|8.ip . Holder's 
inequality and (|8.3p that for all fc < ^ — 1 

a/c+l <r]+ \\f(p\\Lf{a.Tk) + ll/'/'llL<3(r,,r, + i) 

k 1 

<-n+-ak + -flfc+i. 
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Thus we see that ak+i < Sry + kak, so that Uk < 2rj{k + 1)!. Let < i < T and 
1 < A; < £ be such that Tk-i < t < Tk- It follows that 

||'/'||L.(o.t) < afc <277(fc + l)! (8.4) 
On the other hand, we deduce from (j8.3|) that 

k 1 

||/||LP(0,t) > \\f\\L'-p{0,rk) - 2 ~ 2' 

thus (fc + 1)! = r(fc + 2) < r(3 + 2||/||Lp(o,t)). Theresuh now follows from □ 
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